11 | Proof of
van Kampen’s
Theorem

In the last chapter have seen the statement of van Kampen’s theorem and some of examples of its
applications. Our main goal in this chapter is to prove this result. For reference we state it here again:

10.17 van Kampen Theorem. Let (X, xo) be a pointed topological space and let Uy, U; C X be open
sets such that X = Uy U Us. If the sets Uy, Us, and Uy N Uy are path connected and xg € Uy N Us then

711(X, x0) Z colim(my (Un, xo) ~— 71 (Un N U, x0) —> 711 (U, x0))

where for k = 1,2 the homomorphism iy, is induced by the inclusion map iy: Uy N Uy — Uk.

Proof. Here is some notation that will be useful.

e For simplicity we will denote Uy N U, by Up.
e For k=1,2by ix: Uy — Ux and ji: U — X we will denote the inclusion maps.

o If wis a loop in U; then it represents an element of 11(U1, xg) and an element of m1(X, xg). In
order to avoid such ambiguities we will write [w]x to indicate an element of 1 (U, x0) and [w] to
indicate an element of 511(X, xo).

The strateqy of the proof will be as follows. Let P = colim((Us, xo) <= 711(Up, x0) = 1 (U2, X0)).
Recall that by Proposition 10.3 P is the unique (up to an isomorphism) group that satisfies the following
conditions:
1) for k =1, 2 there exists exists a homomorphism gy : 1 (Uk, x0) — P such that g1i1. = g2is;
2) for any group G and any homomorphisms hy: (U, xo) — P satisfying hqi1. = hyi, there exists
a unique homomorphism h: P — G such that hgy = hy for k =1, 2.
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If follows that in order to prove van Kampen'’s theorem it will suffice to show that the group 711 (X, xo)
satisfies conditions 1) and 2). The first condition is satisfied by taking g = jk« for k = 1,2. In order
to verify the second condition let hi: m (U, x0) — G and hy: m1(Uz, x0) — G be homomorphisms
satisfying hqi1x = h2iz.. We need to construct a homomorphism h: (X, x0) — G such that the
following diagram commutes:

(1%

71 (U, xo) —> m1(U1, x0)

i2* l

m1(U2, x0) — m1(X, x0)

J2x S h
2N
G

hy

J1x hy

Moreover, we need to show that there is only one such homomorphism h.

The construction of h will use the following setup. For each point x € X choose a path o, such that
e 0,(0) = x and oy(1) = xo;
o if x € Uy for k € {0,1,2} then oy is contained in Uy;
® 0, is the constant path.

Such paths exist since by assumption Up, Uy, U, are path connected sets. If w is a path in X then the
concatenation @) * w * 0y(1) is a loop based at xp:

w

0u(0) Tu(1)

Xo

We will denote this loop by w® and call it the loop completion of w. Loop completion has the following
properties:
(i) If wis a pathin Uy for k € {0,1,2} then w® is a loop in Uk. This holds since in such case g,
and g,1) are paths in Uk.

(ii) For any path w we have (w)° ~ w°.

(iit) If w, T have the same endpoints and w =~ 7 then w® ~ 7°, and so in (X, xp) we have [w°] = [7°]
Moreover, if w, T are paths in Uy and the homotopy between them is contained in Uy then in
71(Uk, x0) we have [w°]x = [T°.

(iv) If w, T are paths such that w(1) = 7(0) then (w * 7)° ~ w® * 7°. Indeed, we have

W * T = (Ty(0) * W * Ty(1)) * (Tu(t) * T * Or(1)) X Tu(0) * W * T * O1) = (W * T)°
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Notice also that if both w and 7 are paths in Uy then the above homotopy of loops is contained
in Uk. This means that [w°] - [T°]k = [(w * T)°]k in 711 (Uk, x0)-

(v) If w is a loop based at xp then w ~ w°. To see this notice that in this case gy = (1) = 0y,
and by assumption gy, is the constant path. Therefore we have w® = 0, * w * 0, ~ w.

We are now ready to describe the construction of the homomorphism h in the diagram (x). Let
w:[0,1] = X be a loop. The sets w~'(U;) and w™'(Us) form an open cover of the interval [0, 1]. Using
the Lebesgue number of this cover we obtain that there exists an n-tuple of numbers (so, ..., s,) such
that 0 = so < 51 < ... < s, =1 and w(si—1,si]) is contained in either Uy or U, for each i=1,..., n.
Let w;: [0,1] — X be the path given by w;(s) = w(si—1s + si(1 —s)). This path coincides with the
restriction of w to the subinterval [s;_1: s;]:

We have w >~ w1 % wy * - - - * w,. By the properties of loop completion we get:
W W W)k W k... kW)

n

Moreover, if w; is contained in U; then w? is a loop in Uy, and likewise for U.

Let k(i) denote either 1 or 2 depending if w; is a loop in Uy or U>. Define an element h(w) € G by

h(w) = heay([@7 k) - he)(W3lk@) - - - - Bk (@p lkn) ()

There are two ambiquities in this formula. First, if w; is a path entirely contained in Uy then w? is a
loop in Up and in such case we can take k(i) to be either 1 or 2. This however does not matter since
in such case we have [wili = i1x([wi]o) and [wi]2 = i24(wi]o), and since h1i1. = haiz. we get

hi([wfh) = hrir([wf]o) = h2izx([wflo) = h2((wih)
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The second ambiguity comes from the fact that the formula (++) uses subdivision of w into paths w;,
and the value of h(w) could change if we change the subdivision. To see that this is not the case

consider the subdivision w ~ wq * ... * w, that comes from an n-tuple of numbers s = (sg, ..., spn),
and let s, be a number such that s;_1 < s; < 's; for some 1 < i < n. The (n + 1)-tuple s’ =
($1,.-+,5i=1,5+4,Si+1, - - -, Sp) produces the subdivision

WD W ... kW *T) % T2 % Wig1*...% W,
where 71 % T2 ~ w;. By the properties of loop completion [w°]k() = [77 k(i) - [T5 k(). and thus we get

hi (@ k@) = b7 k@ - [T2k@) = e (k@) - bre (T3 k)

This shows the the value of A(w) does not depend on whether we compute it using s or s’. Arguing
inductively we obtain that if an m-tuple s’ is obtained by adding some number of elements to an
n-tuple s then the value of A(w) computed using s’ is the same as the value computed using s. Finally,
given an arbitrary n-tuple s and an m-tuple s’ that produce two subdivisions of w we can find an
r-tuple s” that can be obtained from each of s and s’ by inserting some additional elements. The
argument above shows then that the values of h(w) computed using s and s’ must be equal since they
are both equal to the value computed using s”.

Our goal will be to show that A(w) depends only on the homotopy class of w:
Claim. If w, T are loops in X and w =~ 7 then h(w) = h(1).

Assuming for a moment this claim holds notice that it allows us to define a function h: (X, xo) — G
by h(w]) = h(w). Notice also that this function has the following properties:

1) h is a homomorphism;
2) h makes the diagram () into a commutative diagram;
3) h is the only homomorphism that makes the diagram (*) commute.

Indeed, to see 1) observe that if w and w’ are two loops in X with subdivisions w ~ wy * ... * w, and
W ~ w)*... % w, then w* &' has a subdivision

/
m

Wk W W k. kW kWY KL kW
Using this observation and the definition of h we get that h([w]- [w']) = h([w)]) - h([«'])-

To verify 2) notice that if w is a loop in Uy for either k =1 or k = 2 then we don’t need to subdivide
it, L.e. we can take w = wq. Since w ~ w° the formula (+*) gives

h((w) = h(w) = h(wh)
and since [w] = jk«([w]k) we obtain hjx. = hy.

Finally, to see 3) notice that we have shown that any element [w] € m1(X, xo) can be written as a

product [w] = [w]] - ... [w)] where w; is a loop in Uy for either k(i) = 1 or k(i) = 2. For each
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i=1,...,n we have [w]] = jk@«([w]]k(@))- Thus in order to get the identity hji)s = hi) we must set
h({w?]) = hip([wflk@). Since homomorphisms preserve products we are forced to define h([w]) by the
formula ().

The above observations show that once we verify that A is a homotopy invariant function the proof of
van Kampen's Theorem will be complete. Assume then that w, T are loops in X and that there exists a
homotopy h: [0, 1] x [0, 1] = X between them: hg = w, h1 = 7. We will consider first a special case,
and assume in addition that there exists numbers 0 = so < 571 < ... < s, = 1 such that the homotopy
h maps each rectangle [s;_1, s;] X [0, 1] either into U; or into Us. In particular this gives a subdivisions
W™~ w *...%¥w, and T =~ 71 * ... * T, where w; and T; are restrictions of w and T to the subinterval
[si—1,si]. For i =0,...,n denote by y; the path given by y(t) = h(s;, t). Notice that yp and y, are
constant paths at xg.

T (%) 3

CXD = VO V1 VZ Y4 = CXD
u | L1 U
w1 w2 w3

Let k(i) denote either 1 or 2 depending if h([s;_1, si] x [0, 1]) is contained in U; or U,. Notice that
for each i the paths w;, 7, vi—1, and y; are paths in Uy(;). Moreover, using the restriction of h to
[si—1,si] x [0, 1] we obtain that the path w; is homotopic to y;_1 * T; * y; via a homotopy contained in
Uk(y)- Using the properties of loop completion we obtain

o

[Tk = [(viet * 7% V) T = Ve ko - (77 Ik - Ve Tk
This identity and the formula (x*) gives:

h(w) = hiy([wilkq) - P (@5)k@) - - - - - b (Wi lkn) (% * %)
(Velen) - by (5 lken) - by (V5 Teny) ™

(V@) - hk@ (Blke) - bk (Vi)™ - -

(Vo_1Jkm) = Py (Tolkm) Py (Ve k()™

Notice that hi)([¥7]k(1)) and higmy([Vplk(n) are trivial elements of G since y§ and y; are constant loops.
Also, fori=1,...n—1 we have hk(i)([)’?]k(i)) = hk(i+1)([)’f]k(i+1)). This is obvious if k(i) = k(i + 1). If

k(i) # k(i + 1) then this identity still holds since in such case y; (and thus also y;) is contained in Up
and then

hi([y?h) = hiirs([v o) = haiz«([v o) = ha(lv{]2)

Using these observations we can simplify the equation (* * *) to

h(w) = hey(TTkm) - e (TBSk@) - - - - e (Tlkm) = h(T)
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It remains to consider the general case when we are given two loops w and T in X such that
w =~ 1. Let h:[0,1] x[0,1] = X be a homotopy with hg = w and hy = 1. The sets h~'(U;) and
h=(Us) form an open cover of X. Using the Lebesgue number of this cover we can find numbers
O=sp<s1<...<sp,="1Tand 0 =1t < t1 <... <ty =1 such that h maps each rectangle
[si—1, si] % [tj—1, t;] either into Uy or into U,. Let d; be the path given by d;(s) = h(s, t;):

64 =T
U, U, Ui
03
U, U, Uy
02
U U U
h 1 b 5
U U U
h ) g 5o = w

Notice that the restriction of h to the rectangle [0, 1] x [ti_1, t;] gives a homotopy between 9,1 and ¢;,
and moreover this homotopy is of the form considered in the special case above. Therefore for each
i=1,...,m we have h(0;—1) = h(9;). As a consequence we obtain

h(w) = h(do) = h(61) = ... = h(dm) = h(7)
]

Theorem 10.17 can be generalized to the case where the space X is covered by more that two (and
possibly inifinitely many) open sets:

11.1 Theorem. Let (X, xo) be a pointed topological space and let {U;};c; be an open cover of X such
that xo € U; for all i € I. Fori,j € I let fij: U; N U; — U; denote the inclusion map. If the set
Ui N U; N Uk is path connected for all i, j, k € | then

(X, x0) = *ierm (Ui, x0)IN

where N is the normal subgroup of ;71 (U;, xo) generated by all elements of the form f;;([w])- fi((w]) ™
fori,j € I and [w] € m(U; N U}, xo).

Here is one application of the generalized van Kampen Theorem:

11.2 Proposition. Let {(X;, x;)}ic/ be a family of path connected pointed spaces, and let \/,., X; be the
space obtained by identifying the basepoints x; ~ x; for all i, j € I. Assume that for each i € | there
exists a set V; C X; such that V; is open in X, x; € Vi, and the one-point space {x;} is a deformation
retract of V;. Then

1 (Vi Xi) = *iermi (X, xi)
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&

Proof. We will denote by X the point of \/,., X; obtained by identifying the points x; € X;. For i € |
let U; = X; V ;e Vi. The sets U; are path connected and the form an open cover \/; X;. Moreover for
j. k.l € I we have

U; ftj=k=1

Uj NUNU = .
Vie; Vi otherwise

so Uj N Uk N U, is path connected for all j, k, [. Using Theorem 11.1 we obtain
711(V e Xis X) = *icrm (Ui, xi)) IN

where N is the normal group generated by elements f;j,([w]) - fji((w]) ™" for [w] € m1(U; N U}, %). As in
Theorem 11.71 by f;j we denote here the inclusion map fij: UinU; — Uyj. Fori € I'let hi: Vix[0,1] = V;
the deformation retraction of V; onto {x;}. These maps define a deformation retraction of the space
Vie; Vi onto {x}. This shows that the space \/,c, V; is contractible and so s1(\/,c, Vi, X) = {1}. Since
for all i, j € I such that i # j we have U;N U; = \/,, Vi it follows that the group N is trivial and so
711(V e Xi» X) = *ic1m (Ui, x;). Finally, using again the deformation retractions h; we can construct for
each j € | a deformations retraction of U; onto Xj. This shows that 711 (Uj, x) = 71(Xj, X), and so we get

11 (Ve X X) = i1 (U, X) = *ie1m (X, X)
O
11.3 Example. Let 5o be a basepoint of S'. Taking V = S’ < {51} were s; € S' is a point different

from so we obtain an open neighborhood of sy which deformation retracts onto {xp}. Thus using

Proposition 11.2 we get
11(VieS') = #icimi(S') = e/ Z

Exercises to Chapter 11



