11 | Proof of
van Kampen’s
Theorem

10.17 van Kampen Theorem. Let (X, xo) be a pointed topological space and let Uy, U; C X be open
sets such that X = Uy U Us. If the sets Uy, Us, and Uy N Uy are path connected and xg € Uy N Us then

1(X, x0) Z colim(zmy (Un, xo) ~— 1 (Un N Us, x0) —> 711 (Ua, x0))

where for k = 1,2 the homomorphism iy, is induced by the inclusion map iy: Uy N Uy — Uk.
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11.1 Theorem. Let (X, xg) be a pointed topological space and let {U;};c; be an open cover of X such
that xo € U; for all i € I. Fori,j € I let f;j: U;N U; — U; denote the inclusion map. If the set
Uin U; N Uy is path connected for all i, j, k € | then

m1(X, x0) = *ierm1(Us, x0)IN

where N is the normal subgroup of *;c;m1(U;, xo) generated by all elements of the form fi;((w)) - f;;([w]) ™
fori,j € I and [w] € m(U; N U;, xo).
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11.2 Proposition. Let {(X;, x;)}ic/ be a family of path connected pointed spaces, and let \/,., X; be the
space obtained by identifying the basepoints x; ~ x; for all i, j € I. Assume that for each i € | there
exists a set V; C X; such that V; is open in X, x; € Vi, and the one-point space {x;} is a deformation
retract of V;. Then

1 (Vi Xi) = *iermi (X, xi)
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